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Abstract. Output tracking of implcitly defined reference trajectories is examined. A continuous-
time nonlinear dynamical system is constructed that produces explicit estimates of time-varying
implicit trajectories. We prove that incorporation of this “dynamicinverter” into a tracking controller
provides exponential output tracking of the implicitly defined trajectory for nonlinear control systems
having vector relative degree and well-behaved internal dynamics.
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1. INTRODUCTION

In this article we will consider the problem of out-
put tracking where the reference output which we
wish to track is defined implicitly. We will rely
upon a continuous time dynamical technique for
inverting nonlinear maps, and will refer to this
technique as dynamic inversion (Getz and Mars-
den, 1994). We will join dynamic inversion to a
tracking controller in order to provide an explicit
estimator for the reference output.

We will first give a brief review of the essential
elements of dynamic inversion. Dynamic inversion
is then incorporated into a tracking controller for
tracking of the implicit reference trajectory. An
example of output tracking for a simple robot arm
illustrates application of the theory.

2. DYNAMIC INVERSION

Dynamic inversion is a methodology for using con-
tinuous time dynamics to provide an estimate of
time-varying roots of time dependent nonlinear
maps. The methodology also provides a frame-
work in which to view and generalize certain ele-
ments of extant dynamical methods for inverting
nonlinear maps using for instance gradient flows,
neural networks, and the techniques of (Nicosia
et al., 1991). In dynamic inversion one associates
with a map F(f,¢) a dynamical system 6§ = ®(6,1)
with the crucial property that an isolated root
f.(t) is exponentially attractive. Dynamic inver-
sion depends intimately upon the notion of a dy-
namic inverse which we now define.

Definition 1 Let F : R® x Ry — R (0,t) —
F(6,t) be continuous in § and piecewise contin-
uous in . Let .(t) be a continuous isolated so-
lution of F(#,t) = 0. A map G : R" x R} —
R”; (w,t) — G(w,t) is called a dynamic inverse
of F on the ball B, := {z € R"|||z|]| < r}, r > 0,
if (1) the map G(F(6,t),t) is Lipschitz in w and
piecewise continuous in ¢, and (2) there is a fixed
real number §, with 0 < § < oo, such that

ZTG(F (24 0.(1),1) 1) > Bll=l13 (1)
for all z € B,. A

Remark 1 If G(w,t) is a dynamic inverse of
F(6,t) with constant 3, then for any p € Ry,
p G(w,t) is a dynamic inverse of F'(6,t) with con-
stant pg.

Sufficient conditions for the existence of a dynamic
inverse for all £ € R4 are mild as shown by the
following lemma, proof of which may be found

in (Getz and Marsden, 1994).

Lemma 1 Let 0.(t) be continuous isolated solu-
tion of F(#,t) = 0. Assume F(6,t) is C? in 6
and piecewise continuous in t. Let D1 F(0.(1),1)
be nonsingular for all ¢. Let DiF(6.(t),t) and
D1 F(0.(t),t)~! be bounded uniformly in ¢. For all
z € By, let D?F(z+40.(t),t) be bounded uniformly
in t. Under these conditions, for any particular
time ¢; > 0, there exists an interval [tg,12] C Ry
with g < #; < 5, and a ball B, such that for any
particular 6, € B,, G(w,t) := D1F(fp,t1)"" - w
is a dynamic inverse of F(f,t) on B, for all t €



[to, t2]. O

An important special class of dynamic inverses is
the class in which G is of the form G(w,¥,1),
where 6 1s the solution of a dynamical system
which estimates f,. Thus G inherits part of its
time dependence from its #-dependence. In this
case we say that G(w,0,1) is a state dependent
dynamic inverse of F' on B, if

TG (F (24 60.(t),1), 2+ 0. (2),8) > Bllz13 (2)
for all z € B,.

The dynamic inversion theorem below ties the dy-
namic inverse to dynamical estimation of a contin-
uous isolated solution of F(#,¢) = 0. This theorem
is proven in (Getz and Marsden, 1994).

Theorem 1 (Dynamic Inversion Theorem)

Let 6.(t) be a continuous isolated solution of
F(6,t) = 0, with F : B" x Ry — R (6,1) —
F(6,t). Assume that G : R® x R? x Ry — R"™
(w,0,t) = G(w,0,t), is a state-dependent dy-
namic inverse of F(#,¢) on B,, for some finite
B>0.Let £ :R" x Ry = R"™; (0,t) — E(0,t) be
locally Lipshitz in 6 and piecewise continuous in
t. Assume that for some fixed x € (0,00), E(6,1)
satisfies

|2+ o0 - 6.0 < slells (3)

for all z € B,. Let 6(t) denote the solution to the
system

§=—puG(F(0,1),0,t)+ E(0,1) (4)

with initial condition #(0) satisfying 6(0) —6.(0) €
B,. Then

18() = 61l < [10(0) — 8 (0) | e~ Ho=" (5)

for all t € R4, and in particular if g > k/3, then
6(t) converges to 6. (t) exponentially. m|

The map E(f,t) in Theorem 1 is usually chosen to
be a #- and #-dependent estimator for 6,. We will
show one way of constructing such an estimator
below.

Though a dynamic inverse need not be linear, a
linear one is often easy to obtain as indicated by
Lemma 1. Let G(w,0,t) :== DiF(6,t)7 - w. Tt
follows from Lemma 1 and Theorem 1 that if y
is sufficiently large, ||#(0) — 0. (0)|| is sufficiently
small, and G(w,#(0),0) is a dynamic inverse of
F(6,t) around t = 0, then G(w,6,1) is a dynamic
inverse of F(f,t) for all ¢ > 0. Example 1 will
illustrate application of Lemma 1 and Theorem 1
to the estimation of 6, (¢).

FErample 1 Assume that the assumptions of
Lemma 1 hold. We may obtain an estimator

E(6,t) for 0, by differentiating F(6.(t),1) = 0,

Dy F (0.(t),t) 0.(t) + D2 F(64,t) =0, (6)
solving for f,, and replacing 6, by # to get
E(0,t) .= —D1F(0,t)" "Dy F(0,1). (7)

Assume that r has been chosen sufficiently small,
and that Dy F(6,1) is sufficiently bounded so that
E(6,t) satisfies (3) for all z € B,. Let

G(w,0,t) .= D1 F(6,t)" - w (8)

and assume that r is small enough that G is a
dynamic inverse of F' on B,. If (#(0)—0.(0)) € B,,
and p 1s sufficiently large, then by Theorem 1 the
approximation error z(t) := 6(t) — 0. (t) using (4)
will converge exponentially to zero. A

Example 2 shows how one may invert a time-
varying matrix dynamically. See (Getz and Mars-
den, 1995) for a more comprehensive handling of
dynamic matrix inversion as well as polar decom-
position.

Ezrample 2 Consider the problem of estimating
the inverse Ty of a time-dependent matrix A(t).
Assume that A(t) is C'! in ¢ and nonsingular.

In order for T'x to be the inverse of A(t), T'x must
satisfy A(¢)T' — I = 0. Accordingly we let

FM(T t) .= A)T — 1. (9)

We may obtain an estimator EM (T, #) for T, by
differentiating A(#)T'x — I = 0 with respect to ¢,
solving for f*, and replacing all occurrences of T,
by T to get

EM(T t) = —TA(t)T. (10)

For a dynamic inverse consider (D; FM (T ¢))~!.
w. Differentiating FM with respect to T' gives

DiFM(T 1) = A(t) (11)

whose inverse is ['y. So a choice of dynamic inverse
18

GM(w,T) =T -w (12)

for T sufficiently close to I'y. The dynamic inverter
for this problem then takes the form

[ =—pGM(FM(T,1),T) + EM(T,1)

= DA — ) — TA@)T (13)

and we choose as initial conditions T'(0) suffi-
ciently close to A71(0). Theorem 1 guarantees



that for sufficiently large u, equation (13) will
produce an estimator [' which converges exponen-
tially to I'y at a rate determined by our choice of

. A

We may now call upon insights from Example 2
in order to obtain a dynamic inverse dynamically
while simultaneously using that dynamic inverse
to estimate 6, (t).

Ezxample 3 Suppose that we wish to solve
F(6,t) = 0, § € R”. Let the assumptions of
Lemma 1 hold. We wish to estimate 6, while pro-
viding a time-dependent linear dynamic inverse of
F(6,t) based on knowledge of Dy F(f,t). Assume
that we have a representation of D1 F(6,t) that is
C?in f and C' in t. Let T denote our estimator
for DlF(Q,t)_l. We may then estimate 6, () as
follows: Differentiate F'(f.,t) = 0, solve for 6.,
and substitute I' for Dy F (6. (t),t)~1 and 6 for 0.
to obtain an estimator for 6, in terms of ', #, and
4

bl

E(T,0,t) := —TDyF(6,t). (14)

Assume that E(T,6,t) is C! in its arguments. Us-
ing E(T,0,t) = [E;i(T,0,t))icn, by (10) we may

estimate 'y with

EM(T,0,1) ;= T %DlF(Q,t) s t)r (15)
where
dt F(H’t)|é:E(F,€,t) =
Ciy PPt (T, 0,0) + SR8
In this case
FM(T,0,t) := DyF(6,1)T — I. (16)

Let GM(w,T) := ' w as in Example 2. Theorem 1
now tells us that we may estimate 6, (t) with the
system of coupled nonlinear differential equations

NS
EM(T,0,t) ’
+ [ —TD,F(8,1) ]

with guaranteed exponential convergence of (T, 6)

to (T, 0.). A

3. TRACKING IMPLICIT TRAJECTORIES

We now apply dynamic inversion to the problem
of output tracking where the reference signal is
defined implicitly. The problem we wish to solve is
this: Find an input u to a control system such that
for all initial states in some ball about the origin,

the output y of the dynamical system converges to
a desired implicitly defined output function 6. (¢).
For simplicity we will assume that the nonlinear
system we control has the same number of inputs
as outputs.

Let k£ := {1,2,..., k}. Consider the following
nonlinear control system:

& iy, i€Em jeErm—1

& = wu

no= f(&nut) (17)
yi = &, iem

with 5; € R, where & = [&],...,67]T € R™. Let
p:=r1+...4+ 1y, with { € RP, 5 € R?”"P input
u € R™ output y € R™. Assume f is a smooth
RP valued function of &, 5, u, and ¢. Multi-input,
multi-output systems having well-defined vector
relative degree [ri,...,r,] may be put into the
form 17 through a state-dependent change of co-
ordinates (Isidori, 1989). We refer to the evolution
of 1 as the internal dynamics of (17).

Let ya(t) € R™ satisfy yq; (1) € C™~'. Let

0 i
Iyally = max sup {lyg’ (O], -, lve:” (D)1}
€M R,
Let BY be the open x-ball in the || - ||y norm.
Assume that if output y € BY, implies ||n|| is

bounded.

Let F: R™ x R, — R™ be such that 0, (t) € BY
is a continuous isolated solution of F(6,t) = 0.
Assume that F(6,7) is smooth in § and ¢. Let
{Bi},i € {0,...,7 — 1} be chosen to be the co-
efficients of the polynomial s + Z::_(Jl Bis' such
that all roots of the polynomial have strictly neg-
ative real parts. If we had direct access to Hil) J1E
{0,..., 7}, where ) denotes the k™ derivative of
f. with respect to time, and 9£0) = f,, then the
choice of input u; = H,Er’) — > Belél — 9£k_1)),
1 € m would cause y to track 6, with exponentially
decaying error.

We will join the dynamic inverter of Example 3 to
the control system (17) using singular perturba-
tion theory to prove stability of the combination.

Let E° := #. In a similar manner to the man-
ner in which E'(T,6,t) was obtained, we may
obtain an estimator for Hﬁk) for any £ > 1 by
the following recursive procedure: (1) Differenti-
ate (dk_l/dtk_l)(F(Q*,t) = 0) with respect to ¢.
(2) Replace Ty, 6, and 9£k_1) by their estimators
T, 6, and E*~Y(T,0,t) respectively.



Consider the dynamic inverter

~—

[ r ] = —pG(F(T,0,t),T) + E(T,0,t), (18)

6

where

EY(T,6,t) = [

DyF(6,6)T — I ]

F(T,6,t) = [ Fl0.1)

with EM (T, 0,t) defined as in (15). The following
theorem asserts that the concatenation of the dy-
namic inverter (18) with the control system (17)
can be used for exponentially convergent tracking
of implicit trajectories.

Theorem 2 (Implicit Tracking Theorem) Let

u; = E;’(F,H,t) (19)

— ke B — EFTH(T,6,1))
for i € m, where E° = 4, and E7,j € m are
defined as above, and where # and I' are the solu-
tions to (18) If (#(0) — 6. (0)), (T'(0) —T4(0)), and
(5;(0) - Qiji_l)(O)), i € m, j € ri, are sufficiently
small, then y(¢), the output of (17), converges ex-
ponentially to 6 (t).

Proof: First note that if 8(t) = 0.(t) € BY then

ri—1

up =000 = N (el — o)), iem  (20)
k=1

and (17) has exponentially stable error tracking
dynamics with ||n|| bounded. Second, by Theo-
rem 1, (18) has exponentially stable estimation
error dynamics for ¢ sufficiently small. Third, let
€ := 1/p so that the dynamic inverter becomes

) [ g ] — —G(F(T,0,1),T) (21)
+cE(T,0,1).
When € = 0,
0=—G(F(T,0,1),T)+0 .

which implies that (T',6) = (T, 6.). Thus, if ||5]|
is bounded under application of (19), then by
Theorem 8.3 of (Khalil, 1992) regarding expo-
nential stability of singularly perturbed systems,
&’;(t) — Hg»_l)(t) exponentially for all i € m,

j € r;, and € sufficiently small. Consequently,
y(t) = 04(t) exponentially.

Boundedness of ||n|| requires only that ||y(t) —
6. (t)]| be sufficiently small, but because the expo-
nential stability of the tracking error is indepen-

‘ 6271:2 -
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Fig. 1. A two-link robot arm with joint angles § =
(61,862), joint torques T = (71, 72), end-effector
position z, desired end-effector position x4,
link lengths !; and l», and link masses m; and
ma.

dent of 5, and because the derivative estimators
are C' in @ and T, we need only assure ourselves
that the errors (#(0) — 0.(0)), (T'(0) — T«(0)), and
(€:(0)—6971(0)), i € m, (j € r;), are sufficiently
small. This is true by hypothesis. a

4. A ROBOT CONTROL EXAMPLE

The control of robotic manipulators provides a
natural setting and motivation for the tracking of
implicitly defined trajectories. In this section we
will apply the controller described above to the
problem of output tracking for a simple model of
the two-link planar robot arm of Figure 1.

The links of the robot arm are assumed rigid and
of length /; and 5. The masses of each link are
assumed to be point masses m; and my located
at the distal ends of link 1 and link 2 respec-
tively. The actual and desired positions of the
end-effector at time ¢ are z(f) and z4(t) respec-
tively. We wish to make the end-effector (end
of the second link) track a prescribed trajectory
z4(t) in the Euclidean plane. The configuration-
space of the arm is parameterized by § € T? where
T2is the two-torus. For our purposes we may view
T? through a single chart from R? since neither
joint of the arm will ever undergo a full circu-
lar motion. We will assume that we may exert a
control torque at each joint and will denote the
vector of input torques by 7 € R2. The forward-
kinematics map F : R? — R% 0 — F(6) maps the
configuration space to the Euclidean plane. Let
¢ = cos(b;), ¢; = cos(b; + 0;), s; = sin(6;),
and s;; := sin(0; + 6;) with ¢,j € {1,2}. For the
two-link arm the forward-kinematics map is

| L+ lacrs ¢
F(0) = [ lis1 + las19 ] ' (23)

The workspace of the robot arm is defined as
{z € R?:z = F(f),0 € T?}, the image of the con-



figuration space through the forward-kinematics
map. We choose the output of the system to be
f. We wish to determine a 7 such that the end-
effector position z(t) = F(6(¢)) converges to the
desired end-effector position z4(t).

In this example we will use 6 to denote the actual
joint angles of the robot arm, 6, to denote the
inverse kinematic solution of F(#,t) = 0, and 0 to
denote the estimator for f..

For each x in the interior of the workspace,
there exist two configurations # satisfying F(6) =
z. Letting F(6,t) = F(#) — zq(t) the
nverse-kinematics problem 1s to find 6, satisfy-
ing F(#,t) = 0. For robotic manipulators this
problem typically has multiple solutions. For cer-
tain configurations, kinematics may be inverted
by inspection, but in general the problem is diffi-
cult and computationally expensive, making algo-
rithms for inverse-kinematics an active area of cur-
rent research. In the case of our two-link robotic
arm, closed form solutions for the inverse kinemat-
ics exist (see (Craig, 1989), p.122). For demon-
stration purposes we will use dynamic inversion to
invert the kinematics and we will use the closed
form to check our results. As long as z4 is kept
away from the boundary of the workspace, the two
possible inverse kinematic solutions of F(6,¢) = 0
never intersect. We will choose one, by our choice
of initial conditions for dynamic inversion, and
track 1it.

The equations of motion for the two link manip-
ulator (see (Craig, 1989), Section 6.8) are

M(0)6 +V(6,6) + K(6) =1 (24)

where

Mi1(8) = I3ms + 2l1lamacs + 13 (my + my)
Miy = Moy = 3ms + l1lamacs
Mss = 13ms,

; —mQleQSQQg — 27’)’@1112826.19.2
8,60) = :
V( ’ ) [ m21112826% ’

and

K(0) = malagers + (m1 + ma)liger
- malagcrs

The matrix M (f) is a positive definite symmetric
mass matrix, V(6,6) is the vector of centrifugal
and Coriolis forces on the manipulator, and K (6)
is the gravitational force on the arm. The output
of our system is  with 2 = F(f). Let 6,(¢) be the
solution of F'(#,t) = 0. If we knew 0.(t), 0.(t),
and 6, (t) we could set

=V(9,0) + K(6)

M(0) (9* —B1(0—0,) — Bo(6 — 9*)) (25)

where 81 and (9 are positive definite matrices in
R?2%? to achieve exponential convergence of  to
f.(t). But for generality we will assume that we
don’t know @, or its derivatives. We will use dy-
namic inversion to obtain them.

We obtain an estimator E'(T,t) for g, by differ-
entiating F'(0.,1) = 0,
d

ZF(0.,1) =

dt DF(8.)0, — #q(t) =0 (26)

Consequently, 0, = DF(6.) 124(t). Again for
generality, rather than symbolically or numeri-
cally invert DF(6,) we will solve DF(O)T =T =0
for T'. Thus

EYT,t) = Tiglt). (27)
We will also require an estimator for 6’* Note
that
DF(6)].

f=E1(It) (28)
_ an(e)El(F 1)+ an( )EQ(F ).

4
dt

Differentiating (26) with respect to t, solving for
0., and replacing DF(6.)~! with T, and 6, with
E1(9 t) gives an estimator for g, in terms of r,
and t,

For the estimator EM for f* we get

M(T,6,t) = rdp DF(6)

7 (30)

f=E1(T¢t)

Assembling our results, our controller becomes

I = —ul(DF@)T - 1)+ EM(T,0,1)
0 = —ul(F(O) —wat) + BHT.1) (g
r M(6) E2(r 0,1)

(
—p1(6 = E' (T, 1)) = Bo(6 — )

which, by Theorem 2 give exponentially conver-
gent tracking 6 — 6,.

We choose z4(t) to be a time parameterized figure-
eight in the workspace,

zq(t) = [3.75 cos(mt), 2 + 1.5sin(2mt)].

Figures 2 through 4 show the results of a simu-
lation. The integration was performed in Mat-
lab (Mat, 1992) using an adaptive step-size
Runge-Kutta integrator. The parameters used
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Fig. 2. Workspace paths: F(6) (solid), T(é) (dashed),
and F(6«) (dotted).
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Fig. 3. Configuration space paths: 6 (solid), é

(dashed), and 6. (dotted).

in the simulation were g = 10, g7 = 1017,
Bo = 1007, Iy = 3[m], Iy = 2[m], and m; =
ms = 1[kg] with ¢ = 9.8[m/s?]. The initial con-
ditions are 6(0) = [0,7/2], T(0) :.D}"(é(O) =
[0,1/3,-1/2,1/3],6(0) = [7,—=/2],6(0) = 0 with
all angles in radians. Figure 2 shows the resulting
end-effector path (solid), desired path (dotted),
and the image of 6 through F in the workspace
(dashed). Both the image of # through F, and the
path of the end-effector can be seen to converge
to the desired path. Figure 3 shows a similar pic-
ture, but in configuration space. Again, the con-
vergence of both # and 6 to the inverse kinematic
solution corresponding to the desired trajectory
can be seen. Figure 4 shows the norm of the esti-
mation error 6 — f«, (top) and the tracking error
[0(1),6(t)] — [0« (), 0()] (bottom) graphed versus

time.

5. CONCLUSIONS

We have shown that through a well defined dy-
namical method we may produce explicit estima-
tors for an implicit output reference trajectory

Norm of Theta* Estimation Error

0.5

L T I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Norm of Theta* Tracking Error
T T T

Fig. 4. Error. norms, ||é(t) —»»49*(t)||2 (top), and
[(6(2), 0(t)) — (8:(2), 8:(£))]|2 (bottom).

and its time derivatives, where those estimators
converge exponentially to the true values of the
quantities which they estimate. Starting with a
state-feedback controller designed for exponential
tracking of explicit output reference trajectories,
we replaced the explicit reference trajectory and
its time derivatives by our estimators. We then
proved, though an appeal to a theorem from the
theory of singularly perturbed control systems,
that the combination of minimum phase nonlin-
ear plant, dynamic estimator, and controller re-
sults in exponentially convergent output tracking
with well-behaved internal dynamics.

The authors are grateful to C.A. Desoer and S.M.
Shahruz for their comments and advice.
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