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ow exponen-tially toward the true time-varying inverse. The same dynamical methodmay be applied to the inversion of �xed matrices. By appealing to atime-parameterized homotopy from the identity to a �xed matrix, andapplying the �rst result on the inversion of time-varying matrices, weshow how any positive-de�nite �xed matrix may be dynamically invertedwithout an initial guess at the inverse, the exact inverse being producedin �nite time. We then construct a dynamical system that solves for thepolar decomposition components of a time varying matrix given an ini-tial approximation for the inverse of the positive-de�nite symmetric partof the polar decomposition. As a byproduct, this method gives anothermethod of inverting time-varying matrices. Finally by using homotopyagain, we show how the dynamic polar decomposition may be applied to�xed matrices allowing us to dynamically invert any �xed matrix in �-nite time. Our approach is metric free and o�ers an alternative and someimprovement over extant polar decomposition methods based on gradient
ows. All results are derived within the framework of our previous workon the dynamic inversion of nonlinear maps.�This is Center for Pure and Applied Mathematics Memorandum 629. Revised November27, 1995. 1
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ow, optimization, inverseproblems.1 IntroductionWe have recently introduced in [1, 2] a methodology for the construction ofdynamic systems which generate an approximations �(t) to solutions ��(t) ofnonlinear vector equations of the form F (�; t) = 0. We call this techniquedynamic inversion since we view it as a dynamic method for the solution of�nite-dimensional time-varying inverse problems. In dynamic inversion, onesupplies an initial condition �(0) su�ciently close to ��(0). A dynamic inverterthen generates �(t) which converges to ��(t) exponentially.Dynamic inversion has evolved out of the need to solve and track solutions totime-varying �nite-dimensional inverse problems in the context of the automaticcontrol of nonlinear systems. As a side bene�t its region of attraction has beenshown [1, 2] to be a superset of the region of attraction of Newton's methodand its variants since it is not dissuaded from convergence by local minimaand maxima, and does not require smoothness of F (�; t). Dynamic inversionalso allows one to incorporate knowledge of how a root varies in time into theroot-�nding procedure.One may also pose inverses and square roots of time-varying matrices as asolutions to equations of the form F (�; t) = 0: Motivated by this realization,in this paper we will use dynamic inversion to construct dynamic systems thatperform polar decomposition as well as matrix inversion.1.1 NotationHere, for easy reference, we de�ne some symbols and notation that we will usein this paper.For any integer k > 0; let k := f1; 2; : : : ; kg:The l2 norm on A = [Ai;j]i;j2n 2 Rn�n; is de�ned bykAk2 := (Xi;j2n jAi;jj2)1=2: (1.1)The l1 norm on A is de�ned by kAk1 := maxi;j2n jAi;jj:The symbol GL(n) denotes the group of nonsingular n-by-n matrices. ThesymbolO(n) denotes the group of orthogonal n-by-nmatrices. The symbol S(n)denotes the group of symmetric n-by-nmatrices. For convenience we de�ne s(n)to be the dimension of S(n); i.e. s(n) := n(n+ 1)=2:Given a Banach space S; and a positive real number r; de�ne the ball Br :=fz 2 S j kzk2 � rg: The particular set S will be clear from context.Let DiF (a1; : : : ; an) denote the derivative of a map F (a1; : : : ; an) with re-spect to ai: The kth derivative of F (a1; : : : ; an) with respect to ai is denotedDki F (a1; : : : ; an):



Dynamical Methods for Polar Decomposition and Inversion of MatricesThe positive real numbers are denoted R+ := f� 2 Rj�� 0g:The spectrum of M 2 GL(n) is the set of eigenvalues of M and is denoted�(M ):1.2 Previous WorkContinuous-time dynamic methods of solving matrix equations have appearedbefore. Indeed, any dynamic system on a matix space for which an asymptoti-cally stable equilibrium exists may be considered to be a dynamic inverter thatsolves for its equilibrium. Continuous-time dynamic methods for determiningeigenvalues date back at least as far as Rutishauser [3, 4].Recently, however, there has been a great renewal of interest in the use ofcontinuous-time dynamical systems for computation. Though the most promi-nent component of this renewed interest has been the activity and interest sur-rounding arti�cial neural networks, profound insights have been generated inother directions as well. Brockett [5] has recently shown how one can use ma-trix di�erential equations to perform computation often thought of as beingintrinsically discrete: the sorting of lists, matrix diagonalization, and the solv-ing of linear programming problems. Chu [6] has studied the Toda 
ow asa continuous-time analog of the QR algorithm. Bloch [7, 8] has shown howHamiltonian systems may be used to solve principal component and linear pro-gramming problems. Chu [9] and Chu and Driessel [10] have explored the useof di�erential equations in solving linear algebra problems. Smith [11], andHelmke et al. [12] have constructed dynamical systems that perform singular-value decomposition. Dynamic methods of matrix inversion have also appearedin the arti�cial neural network literature. See for instance Jang et al. [13] andWang [14]. For a review of dynamic matrix methods as well as a comprehensivelist of references for dynamic approaches to optimization see [15].A dynamic decomposition related to polar decomposition of �xed matriceshas also appeared in Helmke and Moore [15], though, as the authors point out,their gradient based method does not guarantee the positive de�niteness of thesymmetric component of the polar decomposition. Using dynamic inversion wewill derive a system that produces the desired inverse and polar decompositionproducts at any �xed time t1 > 0 with guaranteed positive-de�niteness of thesymmetric component.As far as we know, all prior continuous-time dynamic approaches to inversionof matrix equations use gradient 
ows. In contrast, dynamic inversion, as weformulate it, does not require the requisite metric needed to de�ne a gradient.Though we will see in Section 4.1 that gradient approaches �t well into thedynamic inversion framework, the main results of the present paper do not relyupon a metric structure.1.3 Main ResultsThe main results of this chapter are as follows: We will construct dynamicsystems that 3



N.H. Getz and J.E. Marsden1. invert time-dependent matrices asymptotically,2. invert a spectrally restricted matrix by a prescribed time,3. invert and decompose any t-dependent invertible matrix into its polardecomposition factors,4. invert and decompose any constant nonsingular matrix into its polar de-composition factors by a prescribed time.1.4 OverviewIn Example 4.1 of [1] we examined the application of dynamic inversion to theproblem of inverting time-varying matrices where we assumed that a good ap-proximation existed for the inverse of the time-varying matrix at an initial time.In Section 3 we summarize some results of [1] on the inversion of time-varyingmatrices and show some further applications of time-varying matrix inversion.Motivated by the desire to obtain the initial inverse dynamically, in Section 4we will consider the problem of inverting constant matrices. By using a matrixhomotopy from the identity we will use the results of Section 3 to produce exactinversion of a restricted class of constant matrices, including positive-de�nitematrices, by a prescribed time. In Section 5 we will consider the polar decom-position of a time-varying matrix. We will show how, starting from a goodguess at the initial value of the inverse of the positive-de�nite part of the polardecomposition, we may construct a dynamic system that produces an exponen-tially convergent estimate of the inverse of the positive-de�nite symmetric part.From this estimate and the original matrix we may obtain the decompositionproducts as well as the inverse. Then in Section 6 we revisit the problem of con-stant matrix inversion and show how, combining homotopy with dynamic polardecomposition, we may dynamically produce the polar decomposition factors aswell as the inverse of any constant matrix by a prescribed time without requiringan initial guess.2 A Review of Dynamic InversionDynamic inversion [1, 2], is a method of using dynamics to provide an estimate oftime-varying roots of time-dependent maps. Alternatively it may be regarded asa framework in which to view a number of methods for the inversion of nonlinearmaps. In dynamic inversion one associates with a map F (�; t) a dynamicalsystem _� = �(�; t) with the crucial property that a continuous isolated solution��(t) of F (�; t) = 0 is exponentially attractive1. Dynamic inversion dependsintimately upon the notion of a dynamic inverse whose de�nition we now recall.1See [1, 2] for another version of dynamic inversion in which an arbitrarily small neigh-borhood of ��(t) is exponentially attractive. This is particularly useful when F (�; t) is notdi�erentiable. 4



Dynamical Methods for Polar Decomposition and Inversion of MatricesDe�nition 2.1 For F : Rn�R+ ! Rn; (�; t) 7! F (�; t) let ��(t) be a continu-ous isolated solution of F (�; t) = 0. A map G : Rn�Rn�R+ ! Rn; (w; t) 7!G[w; �; t] is called a dynamic inverse of F (�; t) on the ball Br := fz 2Rnj kzk � rg; r > 0; if1. the map G[F (�; t); �; t] is Lipschitz in �; piecewise-continuous in t; and2. there is a real constant �, with 0 < � <1; such thatDynamic Inverse CriterionzTG [F (z + ��(t); t) ; z + ��(t); t] � �kzk22 (2.1)for all z 2 Br . NSee [1, 2] for properties of dynamic inverses.In this paper we will use estimates of D1F (��(t); t)�1 to form linear dynamicinverses, e.g. G[w; �] = D1F (�; t) �w where � is close to ��(t). In some cases anestimate of D1F (��(t); t)�1 will be determined dynamically. We will also haveoccasion to use the dynamic inverse G[w; �] = D1F (��; t)T �w.Su�cient conditions for the existence of a linear dynamic inverse for allt 2 R+ are mild as indicated by the following lemma.Lemma 2.2 Su�cient Conditions for Existence of a Dynamic Inverse.For F : Rn � R+ ! Rn; (�; t) 7! F (�; t); let ��(t) be a continuous isolatedsolution of F (�; t) = 0. Let F (�; t) be C2 in � and continuous in t. Assume thatthe following are true:1. D1F (��(t); t) is nonsingular for all t;2. D1F (��(t); t) and D1F (��(t); t)�1 are bounded uniformly in t;3. for all z 2 Br, D21F (z + ��(t); t) is bounded uniformly in t.Under these conditions there exists an r > 0 independent of t, and a functionG : Rn�Rn�R+ ! Rn, (w; �; t) 7! G[w; �; t] such that for each t > 0 and forall � satisfying � � ��(t) 2 Br, G[w; �; t] is a dynamic inverse of F (�; t). �Proof of Lemma 2.2: See [1] [2]. �The dynamic inversion theorem, Theorem 2.3 below, ties the dynamic inverseof a map F (�; t) to dynamical estimation of the solution �� of F (�; t) = 0:Theorem 2.3 Dynamic InversionTheorem { VanishingError. Let ��(t)be a continuous isolated solution of F (�; t) = 0; with F : Rn � R+ ! Rn;5



N.H. Getz and J.E. Marsden(�; t) 7! F (�; t). Assume that G : Rn�Rn�R+! Rn; (w; �; t) 7! G[w; �; t]; is adynamic inverse of F (�; t) on Br ; for some �nite � > 0. Let E : Rn�R+! Rn;(�; t) 7! E(�; t) be locally Lipschitz in � and continuous in t. Assume that forsome constant � 2 (0;1), E(�; t) satis�es


E (z + ��(t); t)� _��(t)


2 � �kzk2 (2.2)for all z 2 Br . Let �(t) denote the solution to the system_� = ��G [F (�; t) ; �; t] +E(�; t) (2.3)with initial condition �(0) satisfying �(0) � ��(0) 2 Br . Thenk�(t) � ��(t)k2 � k�(0) � ��(0)k2 e�(����)t (2.4)for all t 2 R+; and in particular if � > �=�, then �(t) converges to ��(t)exponentially as t!1. �Proof of Theorem 2.3: See [1, 2]. �Remark 2.4 Dynamic Inversion with Perfect Initial Conditions. If�(0) = ��(0), then the conditions of Theorem 2.3 guarantee that �(t) � ��(t)for all t 2 R+. So in a sense, we need only solve the inverse problem at asingle instant t = 0. Then the dynamic inversion takes care of maintainingthe inversion for all t. In many applications, however, one can only expect�(0) � ��(0). NTheorem 2.5 Dynamic Inversion with Dynamic Determination of aDynamic Inverse. Let F (�; t) satisfy the assumptions of Lemma 2.2. Thenfor � (0) su�ciently close to D1F (��; 0)�1; and �(0) su�ciently close to ��(0);the solution (� (t); �(t)) of� _�_� � = �� � � 00 � � � D1F (�; t)� � IF (�; t) �+ � �� ddtD1F (�; t)�� _�=��D2F (�;t) ���D2F (�; t) � (2.5)satis�es (� (t); �(t)) ! (D1F (��; t)�1; ��(t)) as t !1. Furthermore, for su�-ciently large � > 0; the convergence is exponential, i.e. there exist k1 > 0 andk2 > 0 such thatk(� (t); �(t))� (��(t); ��(t))k2 � k1k(� (0); �(0))� (��(0); ��(0))k2e�k2t(2.6)for all t � 0, where ��(t) = D1F (��(t); t)�1. �6



Dynamical Methods for Polar Decomposition and Inversion of MatricesIn the present paper we will assume that a closed form for F (�; t) is avail-able and is C1 in �; though in general F (�; t) need not have a closed form orbe di�erentiable to have a dynamic inverse. Under suitable conditions of di�er-entiability a �- and t-dependent estimator for _��, E(�; t), may be obtained bydi�erentiating F (��(t); t) = 0 with respect to t; and substituting � for ��. Suchan estimator becomes arbitrarily precise as � approaches ��. Approximations ofE(�; t) may also possess this property.3 Inverting Time-Varying MatricesConsider the problem of estimating the inverse ��(t) 2 Rn�n of a time-varyingmatrix A(t) 2 GL(n;R); where GL(n;R) denotes the group of invertible matri-ces in Rn�n. Assume that we have representations for both A(t) and _A(t), andthat A(t) is C1 in t. Let � be an element of Rn�n.In order for �� to be the inverse of A(t), �� must satisfyA(t)� � I = 0 (3.1)Let F : Rn�n�R+ ! Rn�n; (�; t) 7! F (�; t) be de�ned byF (�; t) := A(t)� � I (3.2)We will refer to the solution of F (�; t) = 0 as ��(t). To obtain an estimatorE(�; t) for _��(t), di�erentiate A�� = I with respect to t, solve the resultingexpression for _��, replace A�1 by ��, and then replace �� by � in the resultingexpression to get E(�; t) := �� _A(t)� (3.3)Di�erentiate F (�; t) with respect to � to getD1F (�; t) = A(t) (3.4)whose inverse is ��. So a choice of dynamic inverse isG[w;�; t] := � �w (3.5)for � su�ciently close to �� = A�1(t) and with w 2 Rn�n. The dynamicinverter for this problem then takes the form_� = ��G [F (�; t); � ]+ E(�; t) (3.6)or, expanded, _� = ��� (A(t)� � I) � � _A(t)� (3.7)and we choose as initial conditions � (0) � ��(0) = A�1(0) so that the esti-mation error starts small. Theorem 2.3 guarantees that for su�ciently large �,7



N.H. Getz and J.E. Marsdenand for � (0) su�ciently close to A�1(0); equation (3.7) will produce an esti-mator � (t) whose error k� (t) � ��(t)k decays exponentially to zero at a ratedetermined by our choice of �.There are an in�nite number of dynamic inverses G[w;�; t] which wouldsu�ce for the dynamic inversion of F (�; t) (3.2). One convenient alternative is touse G[w; t] = A(t)T �w. The resulting dynamic inverter appears in Example 3.2below.We summarize the results above into the following theorem:Theorem 3.1 Dynamic Inversion of Time-VaryingMatrices. Let A(t) 2GL(n;R) be C1 in t, with A(t), A(t)�1, and _A(t) bounded on [0;1). LetG[w;�; t] be a dynamic inverse of F (�; t) = A(t)� � I for all t 2 R+, andfor all � such that � � �� is in Br. Let � (t) 2 Rn�n be the solution to_� = ��G[A(t)� � I; �; t]� � _A(t)� (3.8)with k� (0)���(0)k � r <1. Then for su�ciently small r, there exists a ~� > 0and a k > 0 such that for all � > ~�, and for all t � 0,k� (t)� ��(t)k2 � re�kt (3.9)In particular limt!1 � (t) = A(t)�1. �Example 3.2 A Dynamic Inverter for a Time-Varying Matrix. LetG[w; t] := A(t)T �w (3.10)Then for su�ciently large constant � > 0, and for � (0) su�ciently close toA(0)�1, the solution � (t) ofDynamic Inverter for aTime-Varying Matrix_� = ��A(t)T (A(t)� � I) � � _A(t)� (3.11)approaches A(t)�1 exponentially as t!1. NThe dynamic inverse G[w;� ] = � �w may also be used instead of G[w; t] =A(t)T �w to get _� = ��� (A(t)� � I) � � _A(t)� (3.12)as another dynamic inverter for time-varying matrices.8



Dynamical Methods for Polar Decomposition and Inversion of MatricesExample 3.3 Dynamic Inversion of a Mass Matrix. Consider a �nitedimensional mechanical system modeled by the implicit second order di�erentialequation M (q)�q + N (q; _q) = 0 (3.13)Usually the matrix M (q) is positive-de�nite and symmetric for all q since thekinetic energy, (1=2) _qTM (q) _q, is greater than zero for all _q > 0. It is oftenconvenient to express such systems in an explicit form, with �q alone on the leftside of a second order ordinary di�erential equation. To do so we will invertM (q) dynamically.Let � be a symmetric estimator for M (q)�1. Suppose we know M�1(q(0))approximately. If our approximation is su�ciently close to the true value ofM�1(q(0)), then setting � (0) to that approximation, and letting � > 0 besu�ciently large allows us to apply Theorem 3.1. Then the systemDynamic Inverter for a Mass Matrix( _� = ��� (M (q)� � I) � � h@Mi;j(q)@q _qii;j2n � ��q = �N (q; _q) (3.14)provides an exponentially convergent estimate of �q for all t. NRemark 3.4 Symmetry and the Choice of Dynamic Inverse. In Exam-ple 3.3, M (q) is symmetric, as is its inverse M (q)�1. The right hand side of(3.14) is also symmetric, hence if � (0) is symmetric, so will be � (t) for all t.If we had chosen G[w; q] := M (q)T �w as a dynamic inverse (see, for instance,Example 3.2) we would not have had this symmetry. The symmetry allows us tocast the top equation of (3.14) on the space S(n;R) of symmetric n�n matricesthereby reducing the complexity of the dynamic inverter with respect to thenonsymmetric case; what would otherwise be n2 equations (3.14) is reduced tos(n) := n(n+ 1)=2 equations. N3.1 Left and Right Inversion of Time-Varying MatricesConsider a matrix A(t) 2 Rm�n. Assume that A(t) is of full rank for all t � 0.We consider two cases: (1) Ifm � n, then A(t) has a right inverse ��(t) 2 Rn�msatisfying F (�; t) := A(t)� � I = 0 (3.15)9



N.H. Getz and J.E. MarsdenIt is easily veri�ed that G[w] := � �w (3.16)is a dynamic inverse for F (�; t) for � su�ciently close to �� = A(t)T (A(t)A(t)T )�1.Di�erentiate F (��; t) = 0 with respect to t, solve for _��, and replace �� by �to get the derivative estimatorE(�; t) := �� _A(t)� (3.17)Thus a dynamic inverter for right-inversion of a time-varying matrix is_� = ��� � (A(t)� � I) � � _A(t)� (3.18)Alternatively we may use Theorem 3.1 to invert A(t)A(t)T , constructing theright inverse as A(t)T� (t).In the case that m � n, A(t) has a left inverse ��(t) which satis�esF (�; t) := �A(t)� I = 0 (3.19)We may use the dynamic inverter (3.18) with A(t) replaced by A(t)T to approx-imate the left inverse of A(t).4 Inversion of Constant MatricesIn this section we consider two methods for the dynamic inversion of constantmatrices. In Section 6, relying on the methods of Section 5, we will consideranother approach to the same problem.Constant matrices may be inverted in a manner similar to the inversion oftime-varying matrices as described in the last section. LetF (� ) :=M� � I (4.1)Let � (t) denote the estimator for the inverse of a constant matrix M , with�� = M�1 as the solution of F (� ) = 0. Since M is constant, _�� is zero. As aconsequence, if � (0) is su�ciently close to ��, then we can let G[w;� ] := � �wand use the dynamic inverterDynamic Inverter forConstant Square Matrices_� = ��� (M� � I) (4.2)Again, we must choose � (0) close enough to �� because G[w;� ] fails to bea dynamic inverse when � is singular. Choosing � (0) su�ciently close to ��assures us that, as � 
ows to �� = M�1, � will not pass through the set ofsingular matrices. 10



Dynamical Methods for Polar Decomposition and Inversion of Matrices4.1 A Comment on Gradient MethodsAs shown in Section 3, Example 3.2, the function G[w;� ] := � �w is not our onlychoice of a dynamic inverse G[w;�; t] which is linear in w. It is easily veri�edthat G[w] = MT �w, w 2 Rn�n, is also a dynamic inverse for F (� ) :=M� � I,and that for this choice of dynamic inverse we do not need to worry about thedynamic inverse becoming singular; it is valid globally and leads to the dynamicinverter Dynamic Inverter forConstant Square Matrices_� = ��MT (M� � I)� !M�1 (4.3)Remark 4.1 Left and Right Inverses of Constant Matrices IfM has fullrow-rank, with M 2 Rm�n, m � n, then the equilibrium solution �� of (4.3) isthe right inverse MR :=MT (MMT )�1 of M .Dynamic Right-Inverter forConstant Matrices_� = ��MT (M� � I)� !ML (4.4)To obtain the right inverse ofM 2 Rm�n, m � n, where M has full column-rank, replace M in (4.4) by MT . NThe dynamic inverter (4.3) is the standard least squares gradient 
ow (see [15],Section 1.6) for the function � : Rn! R; � 7! �(� ) where�(� ) := 12kM� � Ik22 (4.5)It is also the neural-network constant matrix inverter of Wang [14]. Of courseother gradient schemes may have the same solution as (4.3) though they maystart from gradients of functions other than (4.5) (See, for instance [13]). Ingeneral, arti�cial neural networks are constructed to dynamically solve for theminimum of an energy function having a unique (at least locally) minimum, i.e.they realize gradient 
ows. 11



N.H. Getz and J.E. Marsden4.1.1 Connecting Gradient Methods with Dynamic InversionIn general a dynamic inverter consists of three functions, F , G, and E as de-scribed in [1, 2]. The function F (�; t) is the implicit function to be inverted,G[w; �; t] is a dynamic inverse for F (�; t), and E(�; t) is an estimator for thederivative with respect to t of the root �� of F (�; t) = 0. In order to relate gra-dient methods to dynamic inversion we consider the decomposition of a gradient
ow system into an E, F , and G forming a dynamic inverter. For instance, letH : Rn�n � R! R be a smooth function. A gradient system based on thisfunction is Gradient System_� = �rH(�; t) + @@tH(�; t) (4.6)where r denotes the gradient of H(�; t). We may always identify gradientsystems with dynamic inversion through the trivial dynamic inverseG[w] = w (4.7)Then F (�; t) = rH(�; t) (4.8)and E(�; t) = @@tH(�; t) (4.9)Let � = 1. Then _� = �G[F (�; t)] + E(�; t) (4.10)is the same as (4.6). Thus we have decomposed the gradient system (4.6) intoan E, F , and G. It is more interesting, however, to �nd a dynamic inverse Gsuch that if G were changed to the identity map, then the desired root wouldstill be the solution to F (�; t) = 0, but the resulting dynamic inverter wouldnot converge to the desired root. For example, identifying F (� ) = M� � I,G[w] = MT �w, and E = 0 decomposes the gradient 
ow (4.3) into a dynamicinverter. For arbitrary M 2 GL(n;R) the stability properties of _� = ��F (� )are unknown. But with G de�ned as G[w] = MT � w, _� = ��G[F (� )] hasan asymptotically stable equilibrium at �� = M�1. For a system of the form(4:3) such a decomposition is straightforward. For more complicated gradientsystems however, we have no general methodology for decomposition into E, F ,and G. 12



Dynamical Methods for Polar Decomposition and Inversion of Matrices4.2 Dynamic Inversion of Constant Matrices by a Pre-scribed TimeThe constant matrix dynamic inverters (4.2) and (4.3) above have the potentialdisadvantage of producing an exact inverse only asymptotically as t ! 1.One may, however, wish to obtain the inverse by a prescribed time. To obtaininversion by a prescribed time we now consider another method. If we couldcreate a time-varying matrix H(t) that is invertible by inspection at t = 0, andthat equals M at some known �nite time t > 0, say t = 1, then perhaps wecould use the technique of Section 3 for the inversion of time-varying matricesin order to invert H(t). Then the solution of the dynamic inverter at time t = 1would be M�1. We require, of course, that H(t) remain in GL(n;R) as t goesfrom 0 to 1. One ideal candidate for the initial value of the time-varying matrixis the identity matrix I, since it is its own inverse.Example 4.2 Constant Matrix Inversion by a Prescribed Time UsingHomotopy. Let M be a constant matrix in Rn�n. We wish to dynamicallydetermine the inverse of M . Consider the t-dependent matrix,Matrix HomotopyH(t) = (1� t)I + tM: (4.11)In the space of n � n matrices, t 7! H(t) describes a parameterized curve, orhomotopy, of matrices from the identity to M = H(1) as indicated in Figure 1;in fact this curve (4.11) is a straight line.
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M

[ ]
0 1

H(t)

RRnxn

RRFigure 1: The matrix homotopy H(t).From Theorem 3.1 we know how to dynamically invert a time-varying matrixgiven that we have an approximation of its inverse at time t = 0. In the present13



N.H. Getz and J.E. Marsdencase the inverse at time t = 0 is just the identity I. We may invert H(t) bysubstituting H(t) for A(t), and _H(t) = M � I for _A(t) in (3.8). Since our initialconditions are a precise inverse of H(0), Theorem 3.1 tells us that the matrix� becomes the precise inverse of M at time t = 1 as shown schematically inFigure 2. That is, of course, if H(t) remains nonsingular as t goes from 0 to 1!
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Matrix Homotopy Dynamic Inversion SolutionFigure 2: The matrix homotopy H(t) from I to M with the correspondingsolution ��(t), the inverse of H(t). NFor a dynamic inverter for this example letF (�; t) := ((1 � t)I + tM )� � IG[w;� ] := � �wE(� ) := �� (M � I)� (4.12)Then a dynamic inverter is _� = ��G[F (�; t); � ] + E(� ) with � (0) = I. Ex-panded, this is Prescribed-Time Dynamic Inverterfor Constant Matrices_� = ��� ((1� t)I + tM )� � I) � � (M � I)�14



Dynamical Methods for Polar Decomposition and Inversion of MatricesAnother choice of linear dynamic inverse is G[w; t] := ((1�t)I+tM )T givingPrescribed-Time Dynamic Inverterfor Constant Matrices_� = ��H(t)T (H(t)� � I) � � (M � I)� NHomotopy-based methods, also called continuation methods, for solving setsof linear and nonlinear equations have been around for quite some time. For areview of developments prior to 1980 see Allgower and Georg [16] The generalidea is that one starts with a problem with a known solution (e.g. the inverseof the identity matrix) and smoothly transforms that problem to a problemwith an unknown solution, transforming the known solution in a correspondingmanner until the unknown solution is reached. Often it is considerably easierto transform a known solution to a problem into an unknown solution to aclosely related problem rather than calculating the new solution from scratch.Solution of the roots of nonlinear polynomial equations (see Dunyak et al. [17]and Watson [18] for examples) is a typical example with broad engineeringapplication.Remark 4.3 Requirement for Nonsingular Homotopy. The scheme ofExample 4.2 requires that there is no t 2 [0; 1] for which H(t) (4.11) is singular.NRecall that there are two maximal connected open subsets which compriseGL(n;R), namely GL+(n;R) = fM 2 Rn�nj det(M ) > 0g and GL�(n;R) =fM 2 Rn�nj det(M ) < 0g. These two sets are disjoint and are separated bythe codimension-1 manifold of singular n � n matrices fM 2 Rn�nj det(M ) =0g. The identity I is in GL+(n;R). In order for the curve t 7! H(t) to bedynamically invertible, it must never leave GL+(n;R) (see Figure 3).15



N.H. Getz and J.E. Marsden
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H(t)Figure 3: The homotopy from I toM must remain inGL+(n;R) to be invertible.For our particular choice ofH(t), since H(0) = I, and I is in GL+(n;R), thehomotopy H(t) must be con�ned to GL+(n;R) to be invertible for all t 2 [0; 1].The following lemma speci�es su�cient conditions on M for H(t) (4.11) toremain in GL+(n;R) as t goes from 0 to 1.Lemma 4.4 Matrix Homotopy Lemma. If M 2 GL(n;R) has no eigenval-ues in (�1; 0), then for each t 2 [0; 1], H(t) = (1� t)I + tM is in GL(n;R).�Remark 4.5 Inversion of Positive-De�nite Symmetric Constant Ma-trices. If M is a positive-de�nite symmetric matrix, then the assumption ofLemma 4.4 holds. NProof of Lemma 4.4: Suppose that H(t) = (1� t)I + tM is singular for some�t 2 [0; 1]. The identity I is nonsingular as is M by assumption, so �t 62 f0; 1g.Thus there exists a non-zero v 2 Rn such that((1� �t)I + �tM ) v = 0 (4.13)Since �t 6= 0 we can divide (4.13) by ��t to obtain� (�t� 1)�t I �M� v = 0 (4.14)But �t can only satisfy (4.14) if �(�t) := (�t � 1)=�t is an eigenvalue of M . Ast ranges over (0; 1), �(t) ranges over (�1; 0). But by assumption M has noeigenvalues in (�1; 0), hence no such �t exists in (0; 1) and H(t) is nonsingularon [0; 1]. �16



Dynamical Methods for Polar Decomposition and Inversion of MatricesWe may obtain the exact inverse of M at any prescribed time t1 > 0 by aslight modi�cation of the homotopy (4.11). We summarize our results of thissection in the following theorem.Theorem 4.6 Dynamic Inversion of ConstantMatrices by a PrescribedTime. For any constant M 2 GL(n;R), and for any prescribed t1 > 0, if�(M ) \ (�1; 0] = ?, then the solution � (t) of the dynamic inverterPrescribed-Time Dynamic Inverterfor Constant Matrices_� = ��� ��(1� tt1 )I + tt1M�� � I� � � (M � I)� (4.15)with � (0) = I, satis�es � (t1) = M�1. �Remark 4.7 Preservation of Symmetry. IfM is symmetric, then the right-hand side of (4.15) is also symmetric. Thus if � (0) is symmetric, then � (t) issymmetric for all t. NExample 4.8 Right and Left Inverses of Constant Matrices by a Pre-scribed Time. Let A 2 Rm�n be a constant matrix with m � n and assumethat A has full row rank. The right inverse of A is given by AR := AT (AAT )�1.To obtain the right inverse AR at time t1, we may apply Theorem 4.6 replacingM by AAT which is positive de�nite. Then AT (AAT )�1 = AT� (t1).Prescribed-Time Dynamic Right-Inversionof a Constant Matrix_� = ��� ��(1� tt1 )I + tt1AAT�� � I� � � (AAT � I)AT� (t1) = ARWhen a constant A has full column rank, then since ATA is positive de�nite,the left inverse AR := (ATA)�1AT may be obtained by substituting ATA for17



N.H. Getz and J.E. MarsdenM in Theorem 4.6. Then AL = � (t1)AT .Prescribed-Time Dynamic Left-Inversionof a Constant Matrix_� = ��� ��(1� tt1 )I + tt1ATA�� � I�� � (ATA � I)� (t1)AT = AL NTheorem 4.6 is limited in its utility by the necessity thatM have a spectrumwhich does not intersect (�1; 0). By appealing to the polar decomposition inSection 6 below, we will show that we may, at the cost of a slight increase incomplexity, use dynamic inversion to produce an exact inverse of any invertibleconstant M , irrespective of its spectrum, by any prescribed time t1 � 0.5 Polar Decomposition for Time-Varying Matri-cesIn this section we will show how dynamic inversion may be used to perform polardecomposition [19] and inversion of a time-varying matrix. We will assume thatA(t) 2 GL(n;R), and that A(t), _A(t), and A(t)�1 are bounded on (0;1).Though polar decomposition will be used here largely as a path to inversion,polar decomposition �nds substantial utility in its own right. In particular itis used widely in the study of stress and strain in continuous media. See, forinstance, Marsden and Hughes [20].First consider the polar decomposition of a constant matrixM 2 GL(n;R),M = PU where U is in the space of n � n orthogonal matrices with real en-tries, O(n;R), and P is the symmetric positive-de�nite square root of MMT .Regarding M as a linear operator Rn! Rn, the polar decomposition expressesthe action of M on a vector as a rotation (possibly with a re
ection) followedby a scaling along the eigenvectors of MMT . If M 2 GL(n;R), then P and Uare unique.Now consider the case of a t-dependent nonsingular square matrix A(t).Since A(t) is nonsingular for all t, A(t)A(t)T is positive-de�nite. For any t, theunique positive-de�nite solution to XA(t)A(t)TX � I = 0 is X�(t) = P (t)�1. Ifwe have X�(t) = P (t)�1, then from A(t) = P (t)U (t) we can get the orthogonalfactor U (t) of the polar decomposition by U (t) = X�(t)A(t), as well as thesymmetric part P (t) of the polar decomposition by P (t) = X�(t)A(t)A(t)T . Wecan also obtain the inverse of A(t) as A(t)�1 = U (t)TX�(t).Since P (t) is a symmetric n� n matrix, it is parameterized bys(n) := n(n+ 1)=2 (5.1)18



Dynamical Methods for Polar Decomposition and Inversion of Matriceselements as is its inverse P�1(t). We will construct the dynamic inverter thatproduces P�1(t).Remark 5.1 Vector Notation for Symmetric Matrices. It will be con-venient for the purposes of this section and the next to adopt a notation thatallows us to switch between matrix representation and vector representation ofelements of S(n;R). The convenience of this notation will be seen in Section 5.1to arise from the lack of a convenient matrix form of the inverse of the linearmatrix mapping on S(n;R),X 7! XM +MX where X and M are in S(n;R).Choose an ordered basis � = f�1; : : : ; �s(n)g (5.2)for S(n;R). For any x 2 Rs(n) there corresponds a unique matrix x̂ 2 S(n;R)where the correspondence is through the expansion of x̂ in the ordered basis �,x̂ � (x)̂ := Xi2s(n)xi�i 2 S(n;R) (5.3)Conversely, for any X 2 S(n;R), let �X denote the vector of the expansioncoe�cients of X = Xi2s(n)xi�i (5.4)in the basis � so that �X � (X)�= x (5.5)Then ( �X )̂ = X and (x̂)�= x (5.6)NLet �(t) := A(t)A(t)T (5.7)Let F : Rs(n)�R+! Rs(n); (x; t) 7! F (x; t) be de�ned byF (x; t) := (x̂�(t)x̂� I)� (5.8)Let x� be a solution of F (x; t) = 0. Then x̂� is a symmetric square root of �(t).Nothing in the form of F (x; t) (5.8) enforces the positive-de�niteness of thesolution x̂�(t), where x�(t) is the solution of F (x; t) = 0. For instance, for eachsolution x�(t) of F (x; t) = 0, �x�(t) is also a solution. Each solution t 7! x�(t)is, however, isolated as long as D1F (x�; t), where F (x; t) is de�ned by (5.8),is nonsingular. We will show in the next subsection, Subsection 5.1, that thenonsingularity of A(t) implies the nonsingularity of D1F (x�; t).19



N.H. Getz and J.E. Marsden5.1 The Lyapunov MapWe will use a linear dynamic inverse for F (x; t) (5.8) based upon the matrixinverse of D1F (x�; t). We will estimate this matrix inverse using dynamic in-version. It is not immediately obvious, however, that D1F (x�; t) is invertible.In this subsection we will consider the invertibility of D1F (x�; t).Di�erentiate �F (x; t) = �x�(t)�x� I (5.9)with respect to x̂ to get(D1F (x; t))�= 12 (x̂� (t) + � (t)x̂) (5.10)The di�erential D1F (x; t) expressed as a mapping S(n;R)! S(n;R) isL�(t)x̂ : Y 7! L�(t)x̂(Y ) := 12 (Y �(t)x̂+ x̂�(t)Y ) (5.11)The representation of L�(t)x̂(Y ) on matrices Y expressed as vectors �Y 2 Rs(n)in a basis � of S(n;R) is D1F (x; t) � �Y . Thus the matrix D1F (x; t) is invertibleif and only if L�(t)x̂ is an invertible map. We will refer to a map of the formLM : Y 7! LMY := Y M +MY (5.12)with Y and M in Rn�n as a Lyapunov map due to its relation to the Lyapunovequation YM + MY = Q which arises in the study of the stability of linearcontrol systems (see e.g. Horn and Johnson [21], Chapter 4). It may be easilyveri�ed that a Lyapunov map (5.12) is linear in Y . It may also be proven thatLM is an invertible map if no two eigenvalues ofM add up to zero (see e.g. [21],Theorem 4.4.6, page 270).Now note that �(t)x̂� = x̂��(t) = P (t) which is positive-de�nite and sym-metric. Thus no pair of eigenvectors of �(t)x̂� sum to zero. Therefore L�(t)x̂�(Y )is nonsingular. It follows then that the matrix D1F (x�; t) is invertible. SinceD1F (x; t) is continuous in x, it follows that D1F (x; t) remains invertible for allx in a su�ciently small neighborhood of x�.Though numerical inversion of the Lyapunov map has long been a topic ofinterest in the context of control theory [22, 23], we do not know of any matrixmap L�1 : S(n;R)! S(n;R), taking matrices to matrices, which inverts LM .By converting LM to an s(n)�s(n) matrix, however, and representing elementsof S(n;R) as vectors, the inverse L�1 as a mapping between vector spacesRs(n) ! Rs(n) can be obtained through standard matrix inversion or, as wewill see, dynamic matrix inversion. This is why we will sometimes resort to thevector notation of Remark 5.1 in referring to elements of S(n;R).5.2 Dynamic Polar DecompositionThe estimator for D1F (x�; t)�1 will be denoted � 2 Rs(n)�s(n), so thatD1F (x�; t)�1 = �� (5.13)20



Dynamical Methods for Polar Decomposition and Inversion of MatricesUsing � , we may de�ne a dynamic inverse for F (x; t). Let G : Rs(n)�Rs(n)�s(n)!Rs(n); (w;� ) 7! G[w;� ] be de�ned byG[w;� ] := D1F (x�; t)�1����=� �w = � �w (5.14)This makes G[w;� ] (5.14) a dynamic inverse for F (x; t) = (x̂�(t)x̂� I)�.For an estimator E(x; �; t) of _x� we �rst di�erentiate F (x�; t) = 0,D1F (x�; t) _x� +D2F (x�; t) = 0 (5.15)and solve for _x�,_x� = �D1F (x�; t)�1D2F (x�; t) = ���D2F (x�; t) (5.16)Note that D2F (x�; t) = (x̂� _�(t)x̂�)�. Now, substituting x and � for x� and ��we obtain E(x; �; t) := �� �x̂ _�(t)x̂�� (5.17)To obtain � , let F 
 : Rs(n) � Rs(n)�s(n) � R+ ! Rs(n)�s(n); (x; �; t) 7!F 
(x; �; t) be de�ned byF 
(x; �; t) := D1F (x; t)� � I (5.18)A linear dynamic inverse for F 
(x; �; t) is G
 : Rs(n)�s(n) � Rs(n)�s(n) !Rs(n)�s(n); (w;� ) 7! G
 [w;� ] de�ned byG
 [w;� ] := � �w (5.19)For an estimator E
 (x; �; t) for _��, we di�erentiate F 
(x�; ��; t) = 0 withrespect to t, solve for _��, and substitute x and � for x� and �� respectively toget E
(x; �; t) := �� � ddtD1F (x; t)����� _x�=E(x;�;t) � � (5.20)Combining the E's, F 's, and G's from (5.17), (5.8), (5.14), (5.20), (5.18),and (5.19), we obtain the dynamic inverter� _x = ��G[F (x; t); � ]+ E(�; x; t)_� = ��G
 [F 
(x; �; t); � ]+E
 (x; �; t) (5.21)21



N.H. Getz and J.E. Marsdenor in an expanded formDynamic Polar Decompositionfor Time-Varying Matrices8><>: _x = ��� (x̂�(t)x̂ � I)�� � �x̂ _�(t)x̂��_� = ��� (D1F (x; t)� � I)�� � ddtD1F (x; t)��� _x�=E(x;�;t) � �x̂A(t)! U (t)x̂A(t)A(t)T ! P (t)A(t)T (x̂)2 ! A�1(t) (5.22)Initial conditions for the dynamic inverter may be set so that x̂(0) � P (0)�1and � (0) � D1F ((P (0)�1)�; t)�1.Combining the results above with the dynamic inversion theorem, Theo-rem 2.3 gives the following theorem.Theorem 5.2 Dynamic Polar Decomposition of Time-Varying Matri-ces. Let A(t) be in GL(n;R) for all t 2 R+. Let the polar decomposition of A(t)be A(t) = P (t)U (t) with P (t) 2 S(n;R) the positive-de�nite symmetric squareroot of �(t) := A(t)A(t)T , and U (t) 2 O(n;R) for all t 2 R+. Let x be in Rs(n),and let � be in Rs(n)�s(n). Let (x(t); � (t)) denote the solution of the dynamicinverter (5.22) where F (x; t) is given by (5.8). Then there exists a ~� such thatif � > ~�, and (x̂(0); � (0)) is su�ciently close to (P (0)�1; D1F ((P (0)�1)�; t)�1),then1. �(t)x̂(t) exponentially converges to P (t),2. x̂(t)A(t) exponentially converges to U (t), and3. A(t)x̂(t)2 exponentially converges to A(t)�1. �An example of the polar decomposition of a 2 � 2 matrix will illustrateapplication of Theorem 5.2.Example 5.3 Polar Decomposition of a Time-Varying Matrix. LetA(t) := � 10 + sin(10t) cos(t)�t 1 � (5.23)In this case x 2 R3 and � 2 R3�3. We will perform polar decomposition andinversion of A(t) over t 2 [0; 8], an interval over which A(t) is nonsingular.22



Dynamical Methods for Polar Decomposition and Inversion of MatricesWe will estimate P (t) and U (t) such that A(t) = P (t)U (t), with P (t) 2 S(2;R)being the positive-de�nite symmetric square root of A(t)A(t)T , and with U (t) 2O(2;R).We choose the ordered basis � of S(2;R) to be� = �� 1 00 0 � ; � 0 11 0 � ; � 0 00 1 �� (5.24)In this basis we haveF (x; t) = 24 �1x21 + 2�2x1x2 + �3x22 � 1�1x1x2 + �2x22 + �2x1x3 + �3x2x3�1x22 + 2�2x2x3 + �3x23 � 1 35 (5.25)Then D1F (x; t) =12 24 2(�1x1 + �2x2) 2(�2x1 + �3x2) 0�1x2 + �2x3 �1x1 + 2�2x2 + �3x3 �2x1 + �3x20 2(�1x2 + �2x3) 2(�2x2 + �3x3) 35 (5.26)E(x; �; t) = �12� 24 _�1x21 + 2 _�2x1x2 + _�3x22_�1x1x2 + _�2x22 + _�2x1x3 + _�3x2x3_�1x22 + 2 _�2x2x3 + _�3x23 35 (5.27)and ddtD1F (x�; t)����x�=x; _x�=E(x;�;t) = 12 24 _L11 _L12 0_L21 _L22 _L230 _L32 _L33 35 (5.28)where _L11 = 2 _�1x1 + 2�1E1(x; �; t) + 2 _�2x2 + 2�2E2(x; �; t)_L12 = 2 _L23_L21 = _�1x2 + �1E2(x; �; t) + _�2x3 + �2E3(x; �; t)_L22 = _�1x1 + �1E1(x; �; t) + 2 _�2x2 + 2�2E2(x; �; t)+ _�3x3 + �3E3(x; �; t)_L23 = _�2x1 + �2E1(x; �; t) + _�3x2 + �3E2(x; �; t)_L32 = 2 _L21_L33 = 2 _�2x2 + 2�2E2(x; �; t) + 2 _�3x3 + 2�3E3(x; �; t) (5.29)Dynamic inversion using Equations (5.22) was simulated using the adaptivestep size Runge-Kutta integrator ode45 fromMatlab, with the default toleranceof 10�6. The initial conditions were set so thatx̂(0) = �1=2(0) + êx� (0) = D1F (x(0); t)�1 (5.30)23
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IFigure 7: H(t) is positive-de�nite and symmetric for all t 2 [0; 1].Recall thatM is in GL(n;R). For �(t) as de�ned in (6.3) note that �(0) = I,�(1) = MMT , and for all t 2 [0; 1], �(t) is positive-de�nite and symmetric.Let P (t) denote the positive-de�nite symmetric square root of �(t). Let theestimator of P�1(t) be x̂ 2 Rn�n. Di�erentiate �(t) (6.3) with respect to t toget _�(t) = MMT � I (6.4)Now we may apply the dynamic inverter of Section 5 in order to perform thepolar decomposition of M . As in (5.8), letF (x; t) := (x̂�(t)x̂� I)� (6.5)By inspection it may be veri�ed that x̂�(0) = I and ��(0) = I. If we set x̂(0) = Iand � (0) = I, then Theorem 2.3 and the results of the last section assure usthat x̂(t) � P�1 for all t � 0, and thus x̂(1) = P�1. Consequentlyx̂(1) = P�1�(1)x̂(1) = MMT x̂(1) = Px̂(1)M = UMT x̂(1)2 = M�1 (6.6)Note that _�(t) = MMT � I = 0 if and only if M is unitary, in which caseM�1 = MT .Combining the results of this section with the results of the last section givesthe following Theorem.Theorem 6.1 Dynamic Polar Decomposition of Constant Matrices bya Prescribed Time. Let M be in GL(n;R). Let the polar decomposition ofM be M = PU with P 2 S(n;R) the positive-de�nite symmetric square root27



N.H. Getz and J.E. Marsdenof MMT and U 2 O(n;R). Let x be in Rs(n), and let � be in Rs(n)�s(n). Letx(0) = �I and � (0) = I. Let (x(t); � (t)) denote the solution ofPrescribed-Time Dynamic Inverterfor Constant Matrices� _x = ��G[F (x; t); � ]+ E(x; � )_� = ��G
 [F 
(�; x)] +E
(x; � ):�(t) = (1� t)I + tMMTF (x; t) = (x̂�(t)x̂� I)�F 
(x; �; t) = D1F (x; t)� � IG[w;� ] = � �wG
 [w;� ] = � �wE(x; � ) = �� (x̂(MMT � I)x̂)�E
 (x; � ) = �� � ddtD1F (x; t)��� _x=E(x;� ) � � (6.7)Then for any � > 0,MMT x̂(1) = P; x̂(1)M = U; and MT x̂(1)2 = M�1 (6.8)NRemark 6.2 Polar Decomposition by Any Prescribed Time. As in The-orem 4.6 we can force x̂ to equal P�1 at any time t1 > 0 by substituting t=t1 fort in �(t), and proceeding with the derivation of the dynamic inverter as above.Then x̂(t1) = P�1. NExample 6.3 A digital computer simulation of a dynamic inverter for the polardecomposition of a constant 2-by-2 matrix was performed. The integration wasperformed in Matlab [24] using ode45 an adaptive step size Runge-Kutta routineusing the default tolerance of 10�6. The matrixM was chosen randomly to beM = � 7 �3�24 �3 � (6.9)The value of � was set to 10. The evolution of the elements of x(t) and � (t)are shown in Figure 8.Figure 9 shows the base 10 log of kx̂(t)MMT x̂(t)�Ik1 indicating the extentto which x, the estimator for P�1 fails to be the square root of �(t) = MMT .Final values (t = 1) of the error kx̂(t)MMT x̂(t) � Ik1 waskx̂(1)�(1)x̂(1)� Ik1 = 1:0611� 10�6 (6.10)28
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