INTERNAL EQUILIBRIUM CONTROL OF A BICYCLE

Neil H. Getz*

ABSTRACT

Internal equilibrium control is applied to the prob-
lem of path-tracking with balance for the bicycle using
steering and rear-wheel torque as inputs. From the in-
ternal dynamics of the bicycle an internal equilibrium
manifold, a submanifold of the state-space, is con-
structed. The wnternal equilibrium controller makes
a neighborhood of the manifold attractive and tnvari-
ant. This results in approrimate tracking of time-
parameterized paths in the plane while retaining bal-
ance.

1. The Model

The simple bicycle model to be controlled is illus-
trated in Figure 1. The bicycle location i1s parameter-
ized by (z,y), the position of the rear-wheel contact
with the ground. The contact-line is the directed
line from the rear-wheel contact to the front-wheel
contact. The yaw-angle 6 of the bicycle is the angle
the contact line makes with a parallel to the z-axis.
The roll-angle a of the bicycle is the angle that the
bicycle frame is rolled away from the vertical (the roll-
angle shown in Figure 1 is in the negative direction).
The inputs to the bicycle are the steering angle ¢
and the component, parallel to the contact line, of
the reaction force 7" of the ground on the rear wheel.

contact-line

Figure 1: Bicycle model.
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Reduced Equations of Motion
Let ¢ := tan(¢)/b. Define v, and vy (see Figure 2)
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Figure 2: Relating v,, vy, ¢, and y.

The front and rear wheels of the bicycle are con-
strained to roll without slipping. We may express this
constraint as

vy =0, 0 =v0o (2)

It is convenient to define w, := ¢. Then, through
various routes (see [1], [2]) the reduced equations of
motion for the bicycle may be derived. They are
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The reduced equations (3) together with the con-
straints (2) and values of the inputs 7" and w? pro-
vide a complete description of the motion of the bi-
cycle.

2. Internal Equilibrium Control

Internal equilibrium control [3] is a method of track-
ing control for nonminimum phase systems. It will



be illustrated here through application to the bicy-
cle. For application to the inverted pendulum on a
cart see [3, 4].

Through differentiation of the constraints, input
prolongations, and a sequence of state-dependent co-
ordinate changes (see [3] for details) equations (3)
may be brought to the form
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where 4" := ¥,, and v’ = 0 are new inputs. Note

that through the relations (1, 2) all variables in (4)
may be expressed in terms of x, y and their derivatives
with respect to ¢. The internal dynamics of (4) are
the dynamics of the & equation in (4).
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where the 7;’s are chosen so that the roots of s3 4
v252 41 54+70 have negative real parts. In the absence
of a-dynamics, we could make (z,y) exponentially
converge to track any C® trajectory (z4(t), ya(t)), as
long as vp > Upmin > 0, by choosing inputs ul,, and
to be
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which, though substitution into (4), gives ) = V,,
and y®) = Vy. The controller (6) is termed the ex-
ternal tracking controller for the bicycle.
Assume that v, = vq(t) > Vpmin > 0 for some C?

vra(t). Let Mg(t) € (=7/2,7/2) be C? for all ¢ > 0.
The control
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where the roots of s? 4+ v;5 4+ 49 have negative real
parts, will cause « to converge to Ay exponentially.
Examples of resulting paths in the plane can be seen
in [1]. Equation (7) is called an internal tracking
controller for the bicycle.

The internal equilibrium angle is defined as
the solution a. to the equation obtained by setting

@ =0,a=0,and u® = u?, in the equation for the

internal dynamics,
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For z(t) € R, let 2(9%) denote (z(o),z(l),... ,z(k))
where z(7) is the it derivative of z(t) with respect to
t. Note that a, is an implicit function of z(%2), 4(0:2),
(1), and y 2 (1) Let g, = (202 (1,), y 0D (2,)
at a particular time ¢, > 0. This determines a value
of ul,,(¢p,tp). The 1nternal equﬂlbrlum angle is that
roll angle a, such that if u® were held constant at
ul . (qp,1p), then (&, &) = 0. In general a. changes as
the time and state changes. The internal equilib-
rium manifold is the state-space submanifold

£(t) = {9,402, a0) [0 = a6 = 0
o)

Let F denote the vector field of (4) where u" =
« and u? = wf . If (z,y) is approximately track-
ing (z4,yq) then the vector field associated with the
(z,y)-dynamics of the bicycle are approximately F.
Vector field F' is the nominal external dynamics.

An internal equilibrium controller for the bi-
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cycle is obtained by letting ™ = ul,, and
u’ = ud(ve)
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where L%ae is the i*® Lie derivative of a, in the direc-
tion of F'. An explicit estimator &, for the implicitly
defined a. is produced by the dynamic inverter [3]

&, = —p (g tan(ae) + (1 + M) v, + cuext)
+Lpag (11)

with ¢ > 0. The internal equilibrium controller causes
a neighborhood of £(t) to become attractive and in-
variant and thereby produces approximate tracking
(z,y) = (x4,ya). Proof that (10) provides tracking
with bounded error as well as internal stability ap-
pears in [3]. If ||(a:d ,ydo 2 )||oo s sufficiently small,
then we may use other choices of v, such as

ve = —pi(a— Lrae)— folo — ) (12)
ve = —fia—fFoa—a) (13)

Simulations. Figures 3 and 5 show the results of
two simulations. Choice (12) for v, was used. Initial
conditions in both cases were y(0) = 5[m], #(0) =
2.5[m/s], z(0) = y(0) = #(0) = y(0) = 0. The dy-
namic inverter gain pg was 10. The control gains were
7021,’)/123,’)/223,ﬂ0225,ﬂ1210. In the
first simulation (z4,y4) = (5t,0). The top graph of
Figure 3 shows the resulting path in the plane (solid)
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Figure 3: Target path (z4,yq4) = (5¢,0).

along with the desired path (dotted). The bottom
three graphs show the steering angle ¢, the rear-
wheel velocity v, (solid) and desired rear-wheel ve-
locity (dotted), and (bottom) the roll-angle a (solid)
with a. (dotted). Figure 4 shows schematically the
convergence of a to e, and the resulting path. In the
second simulation (z4,yq4) = (5t,2sin(0.27t)). Fig-
ure 5 shows the resulting path in the plane, steering
¢, velocity v, and with desired velocity, roll a and a..
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Figure 4: Attraction to a.

Figure 5: Target path (z4,y4) = (5%, 2sin(0.271)).



