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Abstract

A compensator is derived for a class of nonholonomic systems incorpo-
rating both dynamically coupled and uncoupled actuators. The compen-
sator affords exponential convergence to smooth trajectories in a reduced
state space.

1 Introduction

In control engineering practice it is often the case that one uses actuator subsys-
tems that are designed so that the internal dynamics of actuation are unaffected
by the plant dynamics. Consider a three-wheel cart with two parallel rear wheels
on a fixed axle, and a single front wheel of negligible moment of inertia on a
vertical steering axis. In a dynamic model of the cart the steering angle does
not appear as a generalized coordinate of the mechanical system, though it af-
fects the system trajectory through the constraint that the wheels roll without
slipping. In this paper the manner in which decoupled controls affect the dy-
namics of the plant through the nonholonomic constraints is studied. A tracking
control law for smooth trajectories consistent with the constraints is then de-
rived. The methodology presented here may be considered to be a modification
of that established by Bloch, McClamroch, and Reyhanoglu [BRM91] [RMB93]
for Caplygin systems.

2 Problem Description

Let the generalized coordinates ¢ € ™ of a physical system be partitioned into
q = (¢q1, g2) with ¢; € R*™ and ¢ € R™. Consider the three part system
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described by

r=w (1)
M (q1)§ = f(g1,4) + G (q) u+ AT (2,42) A (2)
A(z,q1)¢=0 (3)

r,wERFNERT, wue R, M € R™*", G e RXP

Assume u is piecewise continuous, all other functions are smooth in their argu-
ments, M is positive definite, and G is full rank. Equation (1) models the pres-
ence of dynamically decoupled actuators. Equation (2) models a plant subject
to forces of constraint. Equation (3) models extrinsic nonholonomic constraints.
A distinction may be drawn between plants with only intrinsic nonholonomic
constraints, such as velocity constraints arising from conserved momenta, and
those plants that are considered here.
Consider what will be called the free problem,

M(q1)d=f(q1,4)+G(q)u (4)

In physical systems that are nonholonomic by virtue of only intrinsic constraints
there is no distinction between the free problem and the constrained problem.
Note that (4) does not depend on the generalized coordinates g, but does
depend on ¢g;. By itself (4) defines the dynamics of a physical system not subject
to the extrinsic nonholonomic constraints (3) (e.g., our cart sliding across ice),
though it may be subject to exogenous inputs u as well as intrinsic nonholonomic
constraints (e.g., conservation of linear and angular momentum of the sliding
cart). In the system {(1),(4)} the input w cannot affect the trajectory of q.
When extrinsic constraints (3) are brought into the picture, the term A% (z, ¢1)A
must be added to the formerly free problem (4) in order to account for changes
in solution trajectories due to the extrinsic constraint forces. This brings the
system to the form {(1), (2), (3)} where the input w may affect the plant (2)
through those states # on which the constraints (3) depend. The Lagrange
multipliers A can be determined by solving {(1), (2), (3)} for a set of initial
conditions. They may also be eliminated from {(1), (2), (3)} as shown below.

Matrix A will be assumed to have the structure A = [A; | As] where Ay €
Rm*™m . Equation (3) may now be rephrased as

Ar(z,q1) g1+ A2 (2,91) g2 =0 (5)
Since A, is invertible g2 may be expressed as a function of ¢;

G2 = —As (2, q1) ™" A1 (2,q1) da (6)
Define the velocity map V' which maps ¢; to ¢ through

I
Viz,q1) = —As (z,q1) L A1 (2, q1) (7)
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where I € RU™=7)%(m=7) denotes the identity matrix. Note that A (z,q:)V (#,q1) =
0. The velocity constraints (3) may now be expressed as

(=V(z,q)i (8)

where ¢, is unconstrained when equation (3) is considered in isolation from (1)
and (2). Through (8) system {(1), (2), (3)} takes the form

i=V(@a)i 9)
M (q1)§=f(q1,9)+ G (q1)u+ AT (z,¢1) A

Equations (9) incorporate our assumptions thus far and define the class of sys-
tems in which we are interested. A control law may now be derived that will
cause ¢1(t) to exponentially converge to and track a desired smooth trajectory.
Once ¢q; can be made to exponentially converge to any desired smooth trajec-
tory, then, if A; # 0, some subset of {¢2,;}iem can be made to exponentially
converge to arbitrary and desired smooth trajectories, respecting, of course, the
domain of our assumptions.

3 Derivation of a Control Law

Equation (2), consisting of n second-order differential equations, may now be
reduced to a system of n — m second order differential equations in ¢; by incor-
porating the nonholonomic constraints (3) into equation (2). Note that once ¢;
is obtained, the m first order equations (6) may be integrated to obtain ¢s.

For positive integer n let n := {1, 2, ..., n}. Differentiating the terms of
the left hand side of (5) with respect to time yields

d . d .
7 (A1 (z,q1) 1) = 7 zj:x‘h,m’ (z,q1) 41,5

iEm

.. 0Aq ;i (x, . 0A x, L
=Ai(z,q1) 41 + ZM 1,591,k +Z “’] qoq,jl‘k

0
kyj quk Z'Em
=Ai(z,q1) 1+ K1 (2,91,41) g1 + Hi (2,91, 1) w
(10)
d . d )
o A2 (@ a)d) = | & ZAz,m' (2, 41) 42,
J ieEm
. 3142"1‘, . . 8142"1‘, . .
= Ay (2, )it | %(h,ﬂh,k +> %fhﬂ‘k
ki Ik ki ok .



N. H. Getz 3274 IEEE CDC, San Antonio, December 1993

=As(x,q1) G2+ Ko (z,q0,d1) 41+ Ho (2,91, 41) w

where we have eliminated ¢; by using (6), and K; € R™*(»=7) [, ¢ R™**,
Ky € Rmx(n=m) [, ¢ R™*k are defined in the obvious manner. Combin-
ing (5) and (11) we obtain an expression for ¢, in terms of ¢y, ¢1, and w. Now
¢ may be written as

.. I ..
1 o I:_142_1 (gjaql) Al (xaql) N

0 )
* [—Az_l (z,q1) (K1 (z,q1,41) + K2((11,q'1))] o

0
+ [_A2_1 (I,q1) (Hl (x,Q1;q'1)+H2 (I,thjl))] v
= V(z,q)@1 +K(z,q1,01) 1 + H (2, q1, 1) w (11)

where K € R7*%(=") and H € R*** are the coefficient matrices for ¢, and w,
respectively.Substituting (11) into (2) gives
M{(q)V(z,q1) 01
=f(q1,4) = M (1) K (z,q1,41) 41 + A" (2, 1) A+ G (q1) u
—M(q)H (2,q1,41) w (12)
where the input w has become an explicit part of the equations of motion of

the plant. Left multiplying (12) by V(:L',ql)T yields the reduced dynamical
equations

VT (a0 M @)V (ea) i = F o) + Bloanin | 1] 09
where
B(z,q1,41) =V (2,01) [G(q1) | —M(q1) H(z,q1,61)]

Fx,q1,41) =V (@,0) (f (01, V (2, 01) 1) — M (q1) K (%, 41, 61) §1)
and the fact that V7 AT = 0 has been used. Since V is of full rank VI MV
is positive definite. The Lagrange multipliers have been eliminated from the n
dynamical equations (2) and reduced them to a system of n — m second order
differential equations.

Fact 1 Assume that B is of rank n — m. Then B has a right-inverse Bl =
BT(BBT)=1. Let Cy,Cy € ROP=")%(=m) be constant, positive-definite matri-
ces. Under these assumptions, and the assumption that the triple (z, q1, q2)
remains in an open domain in which our assumptions are valid, the trajecto-
ries q1(t) can be made to locally exponentially converge to any desired smooth
trajectory q14(t) by the state feedback

[Z] — Bf (VIMYV (14 — C1 (41 — G1a) — Co (1 — q1a)) — F) (14)
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Note that if the rank of B is less than n — m it may still be possible to
achieve trajectory tracking of smooth functions of ¢;(¢) through more involved
feedback linearization [Isi89].
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